
Exercise Sheet 1, Solutions

1. (a) There are n + 1 tangents,
(
n+1
2

)
secants and n2 + n + 1 − (n + 1) −

(
n+1
2

)
=
(
n
2

)
passants.

(b) Following the hint, show that
∑n+1

i=0 ei = 0,
∑n+1

i=1 iei = (n + 1)n and
∑n+1

i=2 i(i −
1)ei = (n+ 1)n. Observe that e0 = 0, i.e., every point outside the oval is incident
to at least one tangent. Now show that

∑n+1
i=1 (i− 1)(n+ 1− i)ei = 0 and deduce

that en+1 = 1.

The following solution was given by Narmada Varadarajan. As all the points of
the projective plane are covered by the n+ 1 tangent lines of the oval, it must be
that all these tangents pass through a common point.

2. Let q be an odd prime power and let S be a set of points in PG(3, q) no three of which
are collinear.

(a) Pick two points x, y of such a set S and look at the q + 1 planes through the
line joining xy. Each of these planes meets S in at most q + 1 points, giving us
|S| ≤ 2 + (q + 1)(q − 1) = q2 + 1, with equality implying that every plane that
meets S in at least 2 points, meets it in exactly q + 1 points.

(b) There are q2 + q+ 1 lines through any point of S, which implies that exactly q+ 1
of them meet S in exactly one point. If the plane spanned by two of these tangent
lines is not a tangent plane to S, then we get a contradiction as in this plane we
have an oval and a point on the oval through which there are two tangent lines.

(c) Let f ∈ Fq[x, y] be an irreducible homogeneous polynomial of degree 2. Then the
set S = {(1, x, y, f(x, y) : x, y ∈ Fq} ∪ {(0, 0, 0, 1)} has the required property.

3. First show that through every point x of such a O there exists a unique hyperplane
πx such that πx ∩ O = {x} and for every line ` with the property that ` ∩ O = {x},
` ⊆ πx. Now do a case analysis to show that we have a partial linear space of order
(q, qn−1), which is in fact a GQ. Note that by Higman’s inequality we have n ≤ 3, i.e.,
such a O cannot exist in PG(n, q) for any n ≥ 4. This fact can be shown directly as
well.

4. We get a GQ of order (q + 1, q − 1).
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5. (a) Let r = n/k. Every 1-dimensional subspaces of Fr
qk

can be seen as a k-dimensional

subspace of Fkr
q . This embedding gives us the required partition.

(b) This is an open problem that can be seen as the q-analog of Baranyai’s theorem,
https://en.wikipedia.org/wiki/Baranyai%27s_theorem.

6. Let q be an odd prime power and define a directed graph on Fq by making (a, b) an
edge if a− b is a square.

(a) This graph is undirected if and only if −1 is a square, which happens precisely
when q ≡ 1 (mod 4).

(b) The graph is self-complimentary, as can be seen by the isomorphism x → ax
where a is a non-square. Moreover, for any edge {a, b}, the automorphism
x → (x − a)/(b − a) maps {a, b} to the edge {0, 1}. This shows that any two
edges can be mapped to each other by an automorphism, and thus every pair of
adjacent vertices have the same number of common neighbors. As the graph is
self complimentary, the same is true for non-adjacent pairs. To find the param-
eters use the relation between the parameters of an srg, and the formula for the
parameters of the complement of an srg.

(c) The independence number (and the clique number) is equal to
√
q, where the

upper bound follows from the Delsarte-Hoffman bound, and the lower bound is a
construction using the subfield F√q.

7. See Theorem 5.20 in Simeon Ball’s book.
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