
Exercise Sheet 1

1. (a) Given an oval O in a finite projective plane, a line ` is called a passant, tangent
or secant of O, if it intersects O in 0, 1 or 2 points, respectively. If the plane has
order n, then determine the number of each of these type of lines with respect to
an oval.

(b) Let O be an oval in a projective plane of even order. Prove that there exists a
unique hyperoval that contains O.1

2. Let q be an odd prime power and let S be a set of points in PG(3, q) no three of which
are collinear.

(a) Prove that |S| ≤ q2 + 1 with equality if and only if every plane intersects S in 0,
1 or q + 1 points.

(b) Show that if |S| = q2 + 1, then through every point of S there is a unique plane
that intersects S in exactly 1 point.

(c) Construct such a set S.

3. Let H∞ ∼= PG(n, q) be the hyperplane at infinity in PG(n + 1, q). Let O be a set
of qn−1 + 1 points in H with no three points of O lying on a common line. Define
the following point-line incidence geometry. The points are one of the following three
types:

(i) the points of PG(n+ 1, q) not contained in H∞;

(ii) the hyperplanes of PG(n+ 1, q) that meet O in a unique point;

(iii) a new symbol (∞).

The lines are one of the following two types:

(a) the lines of PG(n+ 1, q) not contained in H∞ that meet O in a point;

(b) the points of O;

1Hint: Let ei be the number of points outside O that are incident with exactly i tangents of O. Calculate∑
ei,

∑
iei,

∑
i(i− 1)ei and show that en+1 = 1.
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A point of type (i) is incident with no line of type (b), and with all those lines of type
(a) on which it lies in PG(n + 1, q). A point of type (ii) is incident with those lines
of type (a) and (b) which are contained in it in PG(n + 1, q). A point of type (iii) is
incident with no lines of type (a) and with all lines of type (b).

Prove that this point-line geometry is a generalized quadrangle, and determine its
order.

4. Let H be a hyperoval in π ∼= PG(2, q) embedded in PG(3, q), for q even. Define the
following point-line geometry S(H, {x, y}), where x, y are two distinct points on H.
The points are the points of PG(3, q) not contained in π, the planes through x not
containing y, and the planes through y not containing x. The lines are the lines of
PG(3, q) not contained in π and meeting π in H \{x, y}. A point and a line are incident
if they are incident as the objects in PG(3, q). Prove that S(H, {x, y}) is a generalized
quadrangle, and determine its order.

5. (a) Prove that if k divides n, then the points of PG(n− 1, q) can be partitioned into
(k − 1)-dimensional (projective) subspaces.

(b) Call such a partition a parallel class. If k divides n, then can we partition the set
of all (k − 1)-dim subspaces into parallel classes?

6. Let q be an odd prime power and define a directed graph on Fq by making (a, b) an
edge if a− b is a square.

(a) Prove that this graph is undirected if and only if q ≡ 1 (mod 4).

(b) Prove that if q ≡ 1 (mod 4), then this is a strongly regular graph.

(c) Find the independence number of this graph if q ≡ 1 (mod 4) and q is an even
power of a prime.

7. A set S of points in PG(n− 1, q) is called a two-intersection set if there exist two non-
negative integers k1 < k2 such that for every hyperplane π, we have |S ∩ π| ∈ {k1, k2}.
Let H ∼= PG(n − 1, q) be a hyperplane in PG(n, q), n ≥ 3, and S a two-intersection
set in H. Prove that the graph with vertex set equal to the set of points of PG(n, q)
that are not contained in H, and a point x adjacent to a point y if the line joining x
and y meets H in a point of S, is a strongly regular graph.
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