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Introduction - extremal problems

How large or small can a finite collection of objects (points, vectors, sets,
numbers, graphs, etc) be, given that it satisfies certain restrictions?

lines through origin in Rn or Cn which are pairwise equiangular

subsets of an n-element set which are pairwise intersecting

integers in the interval [1,N] with no three in arithmetic progression

edges from Kn such that the graph they form is triangle free

Extremal Combinatorics by Stasys Jukna.
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Introduction - finite geometry

Study of the following objects over finite fields:

affine spaces (affine subspaces of Fn
q)

projective spaces (vector subspaces of Fn
q)

polar spaces (totally isotropic/singular subspaces of Fn
q w.r.t.

sesquilinear/quadratic form)

and some more abstract objects like generalized polygons, near
polygons, partial geometries, etc.

Finite Geometry and Combinatorial Applications by Simeon Ball.
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Blocking sets

What is the smallest possible set of points in F2
q which intersects

every line1?

`1

`2

Figure: An example of size 2q − 1

This is the best we can do! (proved using polynomial method by Jamison
in 1977)

1lines are zeros sets of a linear equation ax + by + c = 0
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Caps and arcs

What is the largest size of a set of points with no three points
collinear?

A set of points in PG(2, q), q odd, that has no three points collinear has
size at most q + 1. Segre proved in 1955 that equality occurs iff the set is
a conic.

This is the origin of the cap-set problem which has been solved recently 2

and the MDS conjecture 3.

2

J. Ellenberg and D. Gijswijt. On large subsets of Fn
q with no three-term arithmetic

progression. Ann. of Math., 185:339–343, 2017.

3

S. Ball. On sets of vectors of a finite vector space in which every subset of basis size
is a basis. J. Eur. Math. Soc. 14, 733–748.
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Tangency Sets

What is the largest set of points with the property that through
each point there exists a tangent line?

Related to polarities of projective planes, minimal blocking sets, and finite
field version of Nikodym sets.

Conjecture: For any fixed n, such a set in Fn
q has size o(qn).
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Methods

Polynomials and algebraic varieties

Fourier analysis

Probabilistic method

Spectral graph theory
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Thank you for your attention.


