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Abstract

We study the basics of finite geomtery and it’s connection with design theory, graph theory and
coding theory.

1 Basics

Definition 1.1. An affine plane is a triple (P,L, I) where P is a set of points, L is a set of lines and
I ⊆ P × L an incidence relation such that :

1. Each lines is incident with at least two points and each point is incident with at least three lines.

2. Any two distinct points determine a unique line.

3. (Playfair axiom) Given any point x and a line l there is a unique line m such that m is parallel to
l.

Note that two lines m, l are parallel if either m = l or no point is incident to both l and m. We can
also consider L to be a set of subsets of P and then we say point x belongs to line l and line l contains
the point x instead of the incidence relation.

Lemma 1.1. Assuming the first two axioms to be true, Playfair axiom is equivalent to the statement
“The parallel relation (defined above) is an equivalence relation and each parallel class is a partition of
P in the sense that each point is incident with a unique line in a parallel class”.

Theorem 1.2. Let (P,L, I) be a finie affine plane, then there is a number n ≥ 2 such that :

1. Each point is incident with exactly n+ 1 lines.

2. Each line is incident with exactly n points.

3. Each parallel class has n lines.

4. There are n+ 1 parallel classes.

5. There are n2 points.

6. There are n2 + n lines.

Proof. 1. Let x, y be two points. Then there is a bijection between lines incident to x and those
incedent to y given by mapping each line incident to x to a parallel line incident to y. So each
point is incident to a constant number of lines, call this constant n+1. By the first axiom, n+1 ≥ 3
and hence n ≥ 2.

2. Let l be a line and p a point not incident to l then there is a unique line m parallel to l and passing
through p. Each of the other n lines incident to p intersect l at a unique point. And corresponding
to each point on l we have a unique line determined by that point and p. Hence, the number of
points on l must be n.

3. Let l be a line in a parallel class and p a point incident to it. Let m be a line different from l and
incident to p. There are n − 1 other points on m. Through each of these points there is a line
parallel to and distinct from l, and hence number of lines in the parallel class is at least n. Also,
m has a common point with all the members of this parallel class and hence the number of lines is
at most n.
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4. Let p be a point. It has n+ 1 lines incident to it and all of them must lie in different parallel class.
Also, p is incident to a unique line in each parallel class. Hence, number of parallel classes must
be n+ 1.

5. Follows from 2 and 3.

6. Follows from 3 and 4.

The number n is called the order of the finite affine plane.
Here are some examples of affine planes :

1. The simplest example is with P = {1, 2, 3, 4} and L = all six 2 − subsets of P . It’s a finite affine
plane of order 2.

2. Let F be a division ring. Consider the system falled AG(2,F) whose point set is F × F and lines
are all sets of the form {(x, y) ∈ F × F : x = c} and {(x, y) ∈ F × F : y = mx + c} for some
m, c ∈ F. This is an affine plane. If F = GF (q) then we get a finite affine plane of order q where q
is a prime power.

Given a finite affine plane, must its order be a prime power? Given a prime p, is there a unique affine
plane of order p? These are two important open problems in the area of finite geometry.

Given an affine plane, we can introduce points at “infinity” and join these points by a line to get a
system which has no parallel lines and any two distinct lines determine a unique point! More formally,
what we do is this :

1. To each line of a parallel class of lines add a single new point. Different parallel classes get different
points and these points are called points at infinity.

2. All the new points at infinity (and only these) form a single new line called the line at infinity.

What we get by this construction is a Projective plane.

Definition 1.2. A projective plane is a triple (P,L, I) where P is a set of points, L is a set of lines
and I ⊆ P × L an incidence relation such that :

1. Each lines is incident with at least two points and each point is incident with at least two lines.

2. Any two distinct points determine a unique line.

3. Any two distinct lines determine a unique point.

Theorem 1.3. Every affine plane can be imbedded in a projective plane and given any projective plane
you can get a affine plane.

Proof. One side of this is clear from the discussion above. Now, given a projective plane, pick a line and
delete it along with all its points. What you get can be easily checked to be an affine plane.

We denote the projective plane that we get from AG(2,F) as PG(2,F).

Theorem 1.4. Let (P,L, I) be a finite projective plane, then there exists a number n ≥ 2 called the
order of the plane such that :

1. Each line is incident with n+ 1 points.

2. Each point is incident with n+ 1 lines.

3. There are n2 + n+ 1 lines.

4. There are n2 + n+ 1 points.

Definition 1.3. An incidence system is a triple (X,B, I) where X is a set of points, B a set of blocks
and I ⊆ B ×X is a binary relation called incidence relation.
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Definition 1.4. A 2-(v, k, λ) design is an incidence system with v points such that each block is incident
with k points and any 2 distinct points are incident with exactly λ blocks.

Examples :

1. An affine plane of order n is a 2-(n2, n, 1) design.

2. A projective plane of order n is a 2-(n2 + n+ 1, n+ 1, 1) design.

Theorem 1.5. Given a 2-(v, k, λ) design, there are constants r, b where each point is incident with exacly
r blocks and there are total b blocks. These are given by

r(k − 1) = λ(v − 1)

and
bk = rv

.

Proof. Let a be a point. Let ra be the number of blocks a is incident to. Count the number of ordered
pairs (x,B) where x is a point different from a and B is a block to which both x and a are incident.
First choosing x and then B we get (v − 1)λ such pairs. First choosing B, then x we get ra(k − 1)

such pairs. Therefore, ra = λ(v−1)
k−1 . But the right hand side is a constant, independent of the choice

of a. Therefore we get a constant r given by r = λ(v−1)
k−1 such that each point is incident to exactly r blocks.

Now count the number of ordered pairs (B, x) where B is a block incident to the point x. B can be
chosen in b ways and then it has k points to which it is incident. Or, we can choose a point first in v
ways and then there are r blocks incident to it. Therefore bk = rv.

Theorem 1.6. A 2-(n2, n, 1) design is an Affine plane.

Proof. Only the Playfair axiom need to be checked as rest all is pretty direct from the definition of a
design. Let x be a point and l a line not incident to it. Since we have r = (n2 − 1)/(n − 1) = n + 1,
there are n + 1 lines through x. Since x doesn’t lie on l, each of the n points on l determine a unique
line with x. So we are only left with 1 more line passing through x. This must be disjoint with l and
hence parallel to it.

Theorem 1.7. A 2-(n2 + n+ 1, n+ 1, 1) design is a Projective plane.

Proof. We just need to check that two lines (blocks) intersect at a unique point. It suffices to show that
no two lines are disjoint since if they do intersect then the point must be unique. Let l be a line and p

a point not incident to it. There are n+ 1 points incident to l and n2+n
n = n+ 1 lines passing through

p. Each point on l determines a unique line along with p. Therefore no line through p can be parallel
(disjoint) to l. Hence no two lines can be disjoint.

Definition 1.5. A t-(v, k, λ) design is an incidence system with v points such that each block is incident
with exactly k points and any t distinct points are incident to exactly λ blocks.

Theorem 1.8. In a t-(v, k, λ) there exists constansts λi for each i ∈ {0, 1, . . . , t} such that any set of i

points are incident to exactly λi blocks. We have λ0 = b, λt = λ and λi =
λ(v−i

t−i)
(k−i
t−i)

.

Proof. Pick a set S of i points. Count the number of ordered pairs (T,B) in two ways where T is a
t− set and B a block such that S ⊆ T and T is incident to B.

Corollary 1.9. Any t-(v, k, λ) design is also a i− (v, k, λi) design for all 1 ≤ i ≤ t.

3



2 Automorphisms and the Fano plane

An automorphism of an incidence structure (P,L, I) is a permutation σ of P ∪ L such that :

1. Pσ = P

2. Lσ = L

3. (pσ, lσ) ∈ I ⇐⇒ (p, l) ∈ I.

Other ways to define automorphism for incidence structures are :

1. An automorphism of (P,L, I) is a pair (f, g) of bijections f : P → P , g : L → L such that
(p, l) ∈ I ⇐⇒ (f(p), g(l)) ∈ I.

2. If L is considered as a class of subsets of P , then we have : an automorphism is a permutation f
of P such that f(l) ∈ L for all l ∈ L, where f(l) = {f(x) : x ∈ l}.

Lemma 2.1. Automorphism group of AG(2,F2) is S4.

Proof. We can let P = {1, 2, 3, 4} and L be the set of all 2 − subsets of P for AG(2,F2). Then any
permutation of P sends lines to lines. And hence Aut(AG(2,F2)) ∼= S4.

There is a unique projective plane of order 2 which is known as the Fano Plane.

Lemma 2.2. The Fano Plane has an automorphism group of order 168.

Proof. The automorphism group acts on the 7 lines of the Fano Plane. We claim that

1. This action is transitive.

2. Stabilizer of a line is isomorphic to S4.

Let l1 and l2 be two lines. Say, removal of l1, l2 gives the affine planes π1, π2. Then both of these planes
are isomorphic to AG(2,F2). Let f be an isomorphism between them. The parallel classes of π1 are
mapped to parallel classes of π2 by f . Let x be a point on l1, then it corresponds to parallel class of π1.
Let y be the point on l2 corresponding to the image of this parallel class under f . Extend f by mapping
such x to y and hence l1 to l2. Then this is an automorphism of the plane that maps l1 to l2.
Let l be a line. Any permutation of the four vertices not on l can be extended to give an automorphism
of the plane which stabilizes l. Also, any automorphism that stabilizes l must permute those four vertices
amongst themselves. Hence stabilizer is isomorphic to S4.
Therefore automorphism group of Fano plane is of order 7× 24 = 168.

Lemma 2.3. The automorphism group of Fano plane is isomorphic to GL(3,F2) and it is the second
non-abelian simple group. Therefore it is in fact a subgroup of A7.

Lemma 2.4. Let X be a set of size 7 (say X = {1, 2, . . . , 7}). Then we have 30 different copies of fano
planes with point set X.

Proof. We can see that Sym(X) acts transitively on the fano planes. So, there is only one orbit size of
which is the number of copies of fano planes. Therefore by orbit-stabilizer lemma there are 7!/168 = 30
such copies.

Now lets look at the action of A7 on these 30 fano planes. Again by orbit-stabilizer lemma, the orbit
size is 7!

2×168 = 15. So there are precisely two orbits. The 30 fano planes are partitioned into two classes
of size 15 each.

Theorem 2.5. Let G be a group acting on a set X and let H CG. If we denote the set of orbits of X
and H as X/H then there is an induced action of G on X/H.

Proof. Let x ∈ X and g ∈ G. If Ox is the orbit of x under the action of H then we claim that gOx = Ogx.
This is because gOx = {g(hx) : h ∈ H} = {(gh)x : h ∈ H}. But since H CG, for every h ∈ H there
exists a h′ ∈ H such that gh = h′g. Therefore gOx = {h′(gx) : h′ ∈ H} = Ogx.
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Infact this action can also be seen as an action of G/H on X/H. From this it follows that even
permutations of S7 fix the two orbits while odd permutations interchange them. Therefore, these two
orbits “look the same”.
Let F be one of these orbits.

Lemma 2.6. 1. Each member of
(
X
3

)
is in exactly 3 members of F .

2. If A,B ∈
(
X
3

)
with |A ∩B| = 1 then A,B occur together in a unique member of F .

Proof. 1. Since A7 acts transitively on
(
X
3

)
, there is a constant r such that each element of

(
X
3

)
is in

exactly r members of F . By double counting we get
(
7
3

)
× r = 15× 7, giving us r = 3.

2. A7 acts transitively on the set {A,B ∈
(
X
3

)
×
(
X
3

)
: |A ∩B| = 1}. So, we have a constant r given

by
(
7
3

)
× 3×

(
4
2

)
× r = 15×

(
7
2

)
, i.e. r = 1.

Theorem 2.7. Consider the graph with vertex set F ∪
(
X
3

)
and adjacency as follows :

1. No two vertices in F are adjacent to each other.

2. F ∈ F is adjacent to A ∈
(
X
3

)
if and only if A is a line in F .

3. A,B ∈
(
X
3

)
are adjacent if and only if A ∩B = ∅

Then this graph is an srg(50, 7, 0, 1).

Proof. The graph has 15 +
(
7
3

)
= 50 vertices. Every Fano plane contains 7 lines, i.e., 7 elements of

(
X
3

)
.

For any A ∈
(
X
3

)
there are exactly 4 elements of

(
X
3

)
disjoint from it and exactly 3 Fano planes in F

which contain it as a line. Therefore, we have a 7−regular graph of order 50.
Let u, v be two adjacent vertices. If u is a Fano plane and v a line in it, then there is no other line

in u which is disjoint from v. If u, v are disjoint 3−subsets of X, then there isn’t any 3−subset which is
disjoint from both of them. Hence, no two adjacent vertices have a common neighbor.

Now let u, v be non adjacent vertices. If u is a Fano plane plane and v a set of three non colinear
points in u then there is a unique line in u not passing through any point of v. If u, v are 3−subsets of X
which meet at 1 point then there is a unique Fano plane containing both of them and no other 3−subset
which is disjoint from both of them. If u, v meet at two points then there is a unique 3−subset of X
disjoint from both of them and no Fano plane containing u and v.

Therefore, we have an srg(50, 7, 0, 1).

From different constructions we know that that an srg(50, 7, 0, 1) is unique. It is known as the
Hoffman-Singleton graph. This construction shows that the chromatic number of Hoffman-Singleton
graph is at least 15. In fact, later we’ll see that it is at most 15.

3 Uniqueness of some affine and projective planes

Theorem 3.1. Affine plane of order 3 is unique upto isomorphism.

Proof. Let {l1, l2, l3} and {m1,m2,m3} be two parallel classes. Then we have 9 points of intersections
of these 6 lines. In fact, these are all the points. Denote a point of intersection of li,mj by (i, j). So, the
points are 9 positions in a 3× 3 arrays with the ith row determining li and jth column determining mj .

We have 6 more lines since the total number of lines is 32 + 3 = 12. Each of these 6 lines intersect
each row and each column at exactly one point. So, they determine a “graph” 1 of a permutation in S3.
But, there are only 6 elements in S3. Hence all of the remaining lines are in one-one correspondence with
elements of S3. To be more precise, the 6 remaining lines are {(i, σ(i)) : i ∈ {1, 2, 3}} for σ ∈ S3.

Corollary 3.2. Projective plane of order 3 is unique upto isomorphism.

Similarly given any affine plane of order n, we may identify the points of the plane by positions in an
n× n array in such a way that the rows and columns are lines in two given parallel classes. Each of the
remaining n2 − n lines is a graph of some permutation of {1, 2, . . . , n}. This gives a subset of Sn of size
n(n− 1). In fact this set of permutations is a sharply 2-transitive subset of Sn in the following sense :

1The graph of a permutation σ ∈ Sn is the set {(i, σ(i)) : i ∈ {1, 2, . . . , n}}.
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Definition 3.1. A subset X of Sn is sharply 2-transitive if given any x 6= x′, y 6= y′ in {1, 2, . . . , n}
there is a unique π in X such that π(x) = y and π(x′) = y′.

Theorem 3.3. 1. Any sharply 2-transitive subset of Sn has size n(n− 1).

2. If A ⊆ Sn is sharply 2-transitive, then the incidence system whose points are the poistions of n×n
array and lines are the rows, columns and graphs of members of A is an affine plane of order n.

Proof. 1. Let A be a sharply 2-transitive set of permutations of {1, 2, . . . , n}. Then for any of the
n(n− 1) choices of y, y′ ∈ {1, 2, . . . , n} such that y 6= y′ we have a unique element π ∈ A such that
π(1) = y, π(2) = y′. So, |A| = n(n− 1).

2. There are n2 points and each line contains n points. So all we need to check to show that this is a
2− (n2, n, 1) design is to show that two points are incident to a unique line. Let (x, y) and (x′, y′)
be the two points. If x = x′ then the unique line is rx, if y = y′ then cy is the unique line and if
none of this is true then we have a unique permutation π such that π(x) = y and π(x′) = y′. The
graph of this permutation is the unique line in this case. Now using “Theorem 1.6” we see that we
get an affine plane.

Lemma 3.4. If A ⊆ Sn is sharply 2-transitive and σ, τ ∈ Sn then B = σAτ is again sharply 2-transitive.
(In this case we say that A and B are isomorphic 2-transitive sets.)

Proof. Let x 6= x′ and y 6= y′. Then there is a permutation π which maps, τ(x) to σ−1(y) and τ(x′) =
σ−1(y′). Then σπτ is a permutation in B which maps x to y and x′ to y′.

Lemma 3.5. Isomorphic sharply 2-transitive subsets of Sn correspond to isomorphic affine planes of
order n.

Definition 3.2. A sharply 2-transitive subset A of Sn is called standard if id ∈ A.

Clearly every sharply 2-transitive set is isomorphic to a standard one.

Theorem 3.6. Affine plane of order 4 is unique upto isomorphism.

Proof. It suffices to show that there is a unique stadard sharply 2-transitive subset of S4.
Let A be such a set. Then id ∈ A and hence any π ∈ A \ {id} fixes at most one symbol in {1, 2, 3, 4}.

Lets count the number of elements in A that fix exactly one symbol. Consider X = {π ∈ A : π(4) = 4}.
Then the map π → π(1) is a bijection between X and {1, 2, 3}. Therefore, |X| = 3. Note that id ∈ X.
So, the total number of elements in A tht fix exactly one symbol is 4 × 2 = 8. But there are only 8
elements in S4 that fix exactly one symbol, i.e., the 3-cycles. So these 8 members of A must be the three
cycles. We are left with 12 − 8 − 1 = 3 more members of A. These do not fix any symbol. So only
possibilities are 4-cycle and product of 2 disjoint transpositions. We can easily see that the permutation
(1, 2, 3, 4) is not in A since it agrees with (1, 2, 3) ∈ A at two places. But there are only 3 permutations
in S4 of the form (a, b)(c, d) where (a, b) and (c, d) are two disjoint transpositions. Hence A is completely
determined. In fact A = A4.

Corollary 3.7. There is a unique projective plane of order 4.

Lemma 3.8. If p is a prime, then upto conjugation Sp contains a unique subgroup of order p(p− 1).

Conjecture : Any standard sharply 2-transitive subset of Sp is a subgroup of Sp, where p is a prime.
This is an open problem equivalent to uniqueness conjecture for projective planes of prime order. It is
open even for p = 11! And we don’t know any machine free proof of the case p = 7.
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4 Conics in projective plane

Definition 4.1. An arc in a projective plane is a set of points, no three of which are colinear. A k−arc
is an arc consiting of k points.

Theorem 4.1. If n is even, any arc of a projective plane of order n has at most n+ 2 points on it. If
n is odd then the upper bound is n+ 1.

Proof.

Definition 4.2. An (n + 1)-arc in a projective plane of order n is called an oval while an (n + 2)-arc
is called a hyperoval.

Corollary 4.2. A non empty set X in a projective plane of even order is a hyperoval iff every line meets
X in 0 or 2 points.

Corollary 4.3. Any hyperoval in a projective plane of order n has
(
n+2
2

)
secant lines and

(
n
2

)
passant

lines.

Theorem 4.4. Any oval in a projective plane of even order n extends uniquely to a hyperoval. (Equiv-
alently, there is a unique point outside the oval through which all n+ 1 tangents pass.

Proof. Let A be an oval. Note that since |A| = n+ 1 any x /∈ A is on odd number of tangents of A. In
particular, each point outside is in at least one tangent. We’ll try to show that each point outside is in
exactly 1 or n + 1 tangents. Let ei be the number points outside A through which exactly i tangents
pass, for 1 ≤ i ≤ n+ 1. Then we have

1. Σei = n2. Since each point outside is on at least one tangent and points on A are on exactly one
tangent.

2. Σiei = (n+ 1)n. Count the number of ordered pairs (p, l) where l is a tangent to A and p a point
on it.

3. Σi(i−1)ei = (n+1)n. Count the number of triplets (p, l,m) where l,m are tangents of A intersecting
at point p.

From these three equations we wish to prove that ei is 0 for all i in {2, 3, . . . , n}. Consider the sum
Σ(i−1)(n+1− i)ei. Expanding the term, we se that it is equal to Σ(n+1)iei−Σ(n+1)ei−Σi(i−1)ei =
(n+ 1)2n− n2(n+ 1)− (n+ 1)n = 0. Therefore each of the term being non-negative must be 0. Hence
the result follows. So now we get e1 + en+1 = n2 and e1 + (n+ 1)en+1 = n(n+ 1). Therefore en+1 = 1.
Adjoining this point, which is on all n+ 1 tangents of A to A gives us the hyperoval.

The above technique is due to Fischer. Here is another important result using similar techinque in
strongly regular graph :

Theorem 4.5. (Hoffman-Singleton bound) Let s, r, k be eigen values of an srg(v, k, λ, µ) in increasing
order. Then the coclique number of the graph if bounded above by v

−k
s +1

.

Corollary 4.6. Chromatic (coclique) number of the Hoffman-Singleton graph is at most 15.

Therefore, we see that chromatic number of the Hoffman-Singleton graph is 15.

Theorem 4.7. Let A be any oval in a projective plane π of odd order n. Let A∗ be the set of all tangents
of A. Then A∗ is an oval in the dual projective plane π∗.

Proof. Since |A∗| = n+ 1 and members of A∗ are points in π∗, it suffices to prove that no three tangents
of A are concurrent. Again let ei be the number of points outside A which have exactly i tangents
incident to them. We need to show that ei = 0 for all i ≥ 3. We know that each point has even number
of tangents through it. So e1, e3, . . . are all 0. We again have the following three equations :

1. Σei = n2.
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2. Σiei = (n+ 1)n.

3. Σi(i− 1)ei = (n+ 1)n.

Now we have Σi(i− 2)ei = Σi(i− 1)ei − Σiei = 0. And since e1 = 0 we get that ei = 0 for all i ≥ 3.

Lemma 4.8. Any oval in a projective plane π of order n has n+ 1 tangent lines,
(
n+1
2

)
secant lines and(

n
2

)
passant lines.

If n is odd then, then the points of π are partitioned into three classes : n + 1 On points,
(
n+1
2

)
Exterior points, and

(
n
2

)
Interior points depending on the number of tangents from the point to the oval.

Moreover, any passant has (n + 1)/2 interior points and (n + 1)/2 exterior points, any tangent has 1
on point and n exterior points and any secant has 2 on points, (n − 1)/2 interior points and (n − 1)/2
exterior points.

Proof. Let A be an oval in π. Then it has n + 1 points. Let x ∈ A, then there are n distinct secants
containing x. But there are n + 1 lines incident to x, therefore there is a unique tangent to A passing
through x. So, we have n + 1 tangents in total. Each pair x, y ∈ A determines a unique secant so we
have

(
n+1
2

)
secants. The number of passants is n2 + n+ 1− (n+ 1)−

(
n
2

)
=

(
n
2

)
.

Say, the order n is odd, then A∗ is an oval in π∗ as defined above. It is easy to show that we
have one-one correspondences between on points /interior points /exterior points with respect to A in
π and tangents /passants /secants of A∗ in π∗ respectively, and vice versa. Therefore, the other results
follow.

Let’s count the number of k − arcs in a projective plane of order n. For k = 0, 1, 2 we clearly have

1, n2 + n+ 1,
(
n2+n+1

2

)
k − arcs. But things get a little more complicated for higher values of k.

Definition 4.3. Given a k−arc A, a point x is called an extension point of A is A∪{x} is a (k+1)−arc.

Note that a point x is an extension point of a k − arc A iff k tangents to A pass through x.

Theorem 4.9. 1. For every 0 ≤ k ≤ 5, there is a polynomial fk such that each k − arc in any
projective plane of order n has exactly fk(n) extension points.

2. For ever 0 ≤ k ≤ 6, there is apolynomial gk such that any projective plane of order n has exactly
gk(n) arcs.

Proof. Note that (1.) implies (2.) since gk+1(x) = 1
k+1gk(x)fk(x) for all 0 ≤ k ≤ 6. So we prove (1.) We

have f0(x) = x2 + x + 1, f1(x) = x2 + x, f2(x) = x2. Now, Let π be a projective plane of order n and
A a k − arc in π. Let ei be the number of points in π \A which are incident to exactly i tangents of A.
Then we have,

1. Σei = n2 + n+ 1− k.

2. Σiei = k(n+ 1− (k − 1))n.

3. Σi(i− 1)ei = k(k − 1)(n+ 1− (k − 1))2.

where i varies from 0 to k. We are interested in ek. But since ei 6= 0 only when i ≡ k (mod 2). Therefore,
for k ∈ {3, 4, 5} we have system of three equations in at most 3 variables and hence we can solve for ek.
Doing this, we get f3(x) = x2 − 2x+ 1, f4(x) = x2 − 5x+ 6 and f5(x) = x2 − 9x+ 21. So, we have :

1. g0(x) = 1

2. g1(x) = x2 + x+ 1

3. g2(x) = 1
2 (x2 + x+ 1)(x2 + x)

4. g3(x) = 1
6 (x2 + x+ 1)(x2 + x)x2

5. g4(x) = 1
24 (x2 + x+ 1)(x2 + x)x2(x2 − 2x+ 1)
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6. g5(x) = 1
120 (x2 + x+ 1)(x2 + x)x2(x2 − 2x+ 1)(x2 − 5x+ 6)

7. g6(x) = 1
720 (x2 + x+ 1)(x2 + x)x2(x2 − 2x+ 1)(x2 − 5x+ 6)(x2 − 9x+ 21)

Here is another proof of uniqueness of projective plane of order 4. Let π be a projective plane of
order 4. It has 21 points and 21 lines. Then, since g6(4) = 168 there are 168 hyperovals in π. Let O
be a hyperoval. Note that it has 15 secants and 6 passants. Think of O as the set of vertices of K6.
Then each secant line of O corresponds to an edge of K6 as each pair of vertices on O determine a
unique secant. Now take any point x outside O, then there are three secants passing through x. This
corresponds to a factor of K6. But distinct points x, y can have at most one secant through them.
Hence, distinct points correspond to distinct factors of K6. Since we have only 15 factors, this must be
a one-one correspondence. Given a passant line l, there are 5 points on it. These give a factorization
of K6 and distinct passants meet at exactly one point and hence corresponding factorizations have only
one common factor. Therefore, given a hyperoval we have the following one-one correspondences :

1. On points ≡ Vertices of K6

2. Off points ≡ Factors of K6

3. Secant Lines ≡ Edges of K6

4. Passant Lines ≡ Factorization of K6.

In terms of this identification, incidence is given by :

1. A vertex x is incident with an edge e iff x ∈ e.

2. A factor f is incident with an edge e iff e ∈ f .

3. A factor f is incident with a factorization F iff f ∈ F .

4. A vertex is never incident with a factorization.

Theorem 4.10. An incidence system with point set P = V ∪X, line set L = E∪F, where V,E,X,F are
the sets of vertices, edges, factors and factorizations of K6, and incidence given as above is a projective
plane of order 4.

Proof. This is equivalent to the following statements :

1. Two vertices determine a unique edge.

2. Two factor either have a unique edge in common or (if disjoint) determine a unique factorization.

3. A vertex and a factor determine a unique edge, i.e. the edge of that factor containing the vertex.

4. Two edges either meet on a unique vertex or determine a unique factor.

5. Two factorizations contain a unique common factor.

6. An edge and a factorization determine a unique factor.

Corollary 4.11. There is a unique projective plane of order 4.

Corollary 4.12. The automorphism group of the projective group of order 4 is of the size 168 × 6! =
120960.

Proof. The group acts transitively on hyperovals and stabilizer of each hyperoval is S6.
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5 Coding Theory

Let Fq be the field of order q where q is a prime power. A q − ary code of length n is a vector subspace
of Fnq .

Fnq carries a natural metric, called the Hamming distance. It is given by d(x, y) = |{1 ≤ i ≤ n : xi 6=
yi}|, for all x, y ∈ Fnq .

(Fnq , d) is a metric space on which addition group of Fnq acts as a group of isometries, i.e. all points
look alike as a metric space. So, if we define norm as ||x|| = d(x, 0) then we have d(x, y) = ||x− y||. This
is known as the hamming weight of the vector. Any q− ary code C ⊆ Fnq is also a metric space under
this metric on which C acts by addition as a transitive group of symmetries. The minimum distance
between all pairs of vectors in C is then given by d(C) = min{||x|| : x ∈ C \ {0}}.

An inner product 〈., .〉 on Fnq is a symmetric bilinear map (x, y) → 〈x, y〉 from Fnq × Fnq to Fnq which
is non degenerate, i.e. 〈x, y〉 = 0 ∀y =⇒ x = 0. The usual inner product is 〈x, y〉 = Σxiyi, where the
sum is carried in the field Fq.

If C is a q − ary code of length n and dimension k and 〈., .〉 is a given inner product on Fnq then we

define the dual code C⊥ by C⊥ = {x ∈ Fnq : 〈x, y〉 = 0 ∀y ∈ C}.

Lemma 5.1. If C is a q − ary code of length n then Fnq = C ⊕ C⊥.

Corollary 5.2. If C is a k dimensional code then C⊥ is an n− k dimensional code.

The weight enumerator of C is a polynomial fC(x, y) = Σaix
iyn−i where ai = number of codewords

of weight i.

Theorem 5.3. (MacWilliams identity). Let C be a linear [n, k] code over Fq. Let C⊥ be the dual code
of C. Let fC(x, y) and fC⊥(x, y) be the weight enumerators of C and C⊥ respectively. Then,

fC⊥(x, y) = q−kfC(y − x, y + (q − 1)x)

.

Definition 5.1. A code C is called self orthogonal if C ⊆ C⊥ and self dual if C = C⊥.

In view of the above lemma, if a code C of length n is self orthogonal then dim(C) ≤ n/2 and if it
is self dual then dim(C) = n/2.

Definition 5.2. A binary code C is called doubly even if ||w|| ≡ 0 (mod 4) for all w ∈ C.

Lemma 5.4. 1. Any binary doubly even code is self orthogonal.

2. Any self orthogonal code generated by a set of doubly even words is doubly even.

Proof. Both of them follow directly from ||w1 +w2|| = ||w1||+ ||w2||− 2〈w1, w2〉, where w1, w2 are words
in a binary doubly even code.

Theorem 5.5. If C is a self dual, doubly even binary code with weight enumerator fC then we have :

1. fC(X,Y ) = fC(Y−X√
2
, Y+X√

2
)

2. fC(X,Y ) = fC(iX, Y ).

Therefore, we can try to find what all polynomial are invariant under these two linear operations
(X,Y )→ (Y−X√

2
, Y+X√

2
) and (X,Y )→ (iX, Y ). The answer comes from Invariant Theory.

Theorem 5.6. (Gleanson’s theorem) Let C be a doubly even self dual code then fC is a polynomial in
f8 and f24, where

f8(X,Y ) = X8 + 14X4Y 4 + Y 8

f24(X,Y ) = X24 + 759X8Y 16 + 2576X12Y 12 + 759X16Y 8 + Y 24

The cause of the symmetry in the coefficients of weight enumerators above is the fact that 1, the all
one vector always belongs to a self dual code and hence for every codeword, its complement will also be
there in the code.
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Corollary 5.7. The length of any doubly even self dual code is divisible by 8.

Corollary 5.8. If C is a d.e.s.d code of length 8 then its weight enumerator is f8.

Corollary 5.9. If C is a d.e.s.d code of length 24 and minimum weight at least 8 then its weight
enumerator is f24.

These two codes are really interesting and they provide a nice connection between coding theory and
finite geometries. To see that connection we’ll need some terminologies.

Definition 5.3. For w ∈ Fnq , support of w is definied as the set of coordinates where it is non zero, i.e.
{1 ≤ i ≤ n : wi 6= 0} ⊆ {1, 2, . . . , n}.

A binary codeword is uniquely determined by its support. So we may identify the word with its
support. Under this identification we have :

1. Each codeword is a subset of {1, 2, . . . , n}.

2. Hamming weight is the cardinality of this subset.

3. Vector addition corresponds to symmetric difference of subsets.

4. Standard inner product is the cardinality of intersection of the sets modulo 2.

Now, let C8 be a d.e.s.d code of length 8. Then fC8
= f8. Therefore the code has the empty set ∅,

set V of eight coordinate positions and 14 subsets of V of size 4. Let B be the set of these 14 words
(blocks).

Theorem 5.10. B is a 3-(8, 4, 1) design.

Proof. Pick any three points of V . Then they can’t belong to more than 1 blocks. Therefore each element
of

(
V
3

)
is in 0 or 1 blocks. Lets count the number of ordered pairs (T,B) where T ∈

(
V
3

)
and B ∈ B. One

way we get 14 ×
(
4
3

)
= 56 such pairs. Now since 56 =

(
8
3

)
we must have that every such T must be in

exactly 1 block.

Conversely, let B be a 3-(8, 4, 1) design. We would like to show that it gives a d.e.s.d of length 8. It

has
(8
3)

(4
3)

= 14 blocks, each of size 4. Any point belongs to exactly 7 blocks and each pair of points belongs

to exactly 3 blocks.
Fix a block B. Then there are

(
4
2

)
(3−1) = 12 blocks which meet B in exactly 2 points. Fix a point p

in B. There are 6 other blocks which meet B in p. Out of these
(
3
1

)
(3− 1) = 6 blocks meet B at another

point besides p. Therefore no other block meets B at exactly 1 point. Hence we get :

Lemma 5.11. Any two blocks in a 3-(8, 4, 1) design meet at 0 or 2 points.

Corollary 5.12. Complement of each block is also a block in a 3-(8, 4, 1) design.

Let C be the code generated by these 14 blocks. Then from the above lemma C is doubly even of
length 8 and self orthogonal. Hence, we get that dim(C) ≤ 4. But C already has 16 members consisting
of 14 blocks, ∅ and V . Therefore this must be the full code.

Therefore every 3-(8, 4, 1) design gives us a d.e.s.d code of length 8.
Because of this correspondence between doubly even self dual codes of length 8 and 3-(8, 4, 1) designs,

proving existence and uniqueness of one of these proves that the other one also exists and is unique.

Theorem 5.13. There exists a unique 3-(8, 4, 1) design.

Proof. Given a 3-(8, 4, 1) design B, contracting it at a point gives us a 2-(7, 3, 1) design, i.e. the Fano
plane. We know that complement of a block is also a block in this design. Therefore, it must have the
following picture :

Take a 7-set S and a copy of Fano plane on S. Take the set of points V = S ∪ {∞} and the blocks
as l ∪ {∞} and lc where l is a line in the Fano plane.

It can be seen easily that such a structure gives a 3-(8, 4, 1) design.
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Now, let C be a d.e.s.d code of length 24 and minimum weight 8. Then, by Gleanson’s theorem it
follows that it’s weight distribution is (1, 759, 2576, 759, 1) for weights (0, 8, 12, 16, 24). Let B the set of
codewords of size 8. Then due to orthogonalilty words meet evenly. Now let w1, w2 ∈ B such that they
meet at x positions then since ||w1 + w2|| = 8 + 8 − 2x ≥ 8, we have x ≤ 4. So, two blocks in B meet
in 0, 2 or 4 positions. Therefore, any element in

(
V
5

)
, where V = {1, 2, . . . , 24} is contained in at most 1

block. But we have, 759×
(
8
5

)
=

(
24
5

)
. And hence, B is a 5− (24, 8, 1) design.

Conversely, let B be a 5− (24, 8, 1). For this we have λ0 = 759, λ1 = 253, λ2 = 77, λ3 = 21, λ4 = 5,
λ5 = 1. Fix a block B. For each of the

(
8
4

)
, 4−subsets of B, there are exactly λ4 − 1 = 4 blocks which

meet B in this 4−subset. Therefore, 4×
(
8
4

)
= 280 blocks meet B in exactly 4 elements. Fix a 3−subset

of B. There are λ3 − 1−
(
5
1

)
× 4 = 21− 1− 20 = 0 blocks which meet it in this 3− subset. So, no two

blocks meet in 3 elements. Fix a 2−subset of B. There are λ2 − 1 − 4
(
6
2

)
= 16 blocks that meet B in

this 2−subset. So, a total of
(
8
2

)
× 16 = 448 blocks meet B in exactly 2 points. And hence, a total of

759−1−448−280 = 30 blocks are disjoint from B. Therefore any two blocks in this design meet evenly.
Now, let C be the code generated by these blocks. Then C is doubly even and self orhogonal.

Therefore dim(C) ≤ 12. It can also be shown easily that minimum weight of C is 8.
So, there are 759×448

2 pairs {B1, B2} of blocks in B which meet at exactly two points. And hence
B1 + B2 (+ denotes symmetric difference) is a weight 12 word of C. We would like to show that all
weight 12 words of C are of this form and then count the number of such words in C.

Let D be a weight 12 codeword in C. Then any block in B meets D evenly and in at most 6 positions,
because otherwise C will have a codeword of weight 4. Therefore, by considering blocks that meet D at
exactly 6 positions we have 5 − (12, 6, 1) design where point set is D and blocks are the subsets E ∩D
where E ∈ B and |E ∩ D| = 6. Call this design E . Similar calculations with this design shows that it
has 132 blocks which fall into 66 complementary pairs. Let E1, E2 ∈ E be such a pair. Then there exists
X1, X2 ∈ B such that E1 ⊂ X1, E2 ⊂ X2. But, it must be the case that X1 +X2 = D because otherwise
we’ll get a word of weight 4 in C.

Hence, we have shown that any codeword of weight 12 can be written as symmetric difference of two
blocks in B in 66 ways and any pair of blocks in B give a codeword of weight 12. So, there must be
exactly 759×448

66×2 = 2576 codewords of weight 12 in C.
Now, since each point is in an odd number of blocks (253), the full set of points being the symmetric

difference of all blocks must be in C. And hence we get weight distribution as before. But, 1 + 759 +
2576 + 759 + 1 = 212. Hence, C is a doubly even self dual code of length 24.

From above discussion it follows that :

1. A binary doubly even self dual code of length 24 exists if and only if a 5-(24, 8, 1) design exists.

2. If such structures exists then proving uniqueness of one structure is sufficient to prove uniqueness
of the other.

Theorem 5.14. There exists a unique 5-(24, 8, 1) design.

Proof. Let D be a 5 − (24, 8, 1) design. Contracting it at three points a1, a2, a3 we get a 2 − (21, 5, 1)
design, i.e. a projective plane π of order 4. Recall that we have λ0 = 759, λ1 = 253, λ2 = 77, λ3 = 21,
λ4 = 5, λ5 = 1 for this design. Therefore, there are 76− 20 = 56 blocks which contain a1, a2 but not a3.
These correspond to 56 6-subsets of points of π. Each such 6-set meet every line of π evenly. Therefore
it must be a hyperoval. This gives us 56 hyperovals. Similarly, consider blocks which contain a1, a3,
not a2 and those containing a2, a3, not a1. We get that the three pairs from {a1, a2, a3} correspond to
three classes of hyperovals, each of size 56. Any two from the same class meet evenly and any two from
different classes meet oddly. But there are only 168 = 56× 3 hyperovals in a projective plane of order 4.
So, if D is to exist then it must be the case that hyperovals of the projective plane of order 4 break into
3 equal size classes with properties mentioned above.

Now consider blocks that contain a1 but not a2 or a3. Number of such blocks is 253−2×77+21 = 120.
This gives us 120 7-sets in π which meet every line oddly. Take such a 7-set and a point in π outside it.
Then this point partitions the set into 5 classes of odd size. There is only one possibilty 7 = 1+1+1+1+3.
So, every line of π meets this set in 1 or 3 points. If you consider the lines that meet it in 3 points, you
get a Fano plane on this 7-set. Thus as before, there are 3 classes of Fano subplanes of π, each of size
120.
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Finally, consider blocks not containing any of a1, a2, a3. There are 210 such blocks, each giving an
8-set in π. Consider such an 8-set, call it S. Then it meets every line of π evenly. Since π is of order 4,
there must be 3 points in S passing through a line l in π. But every line meets S evenly, so l must have
exactly 4 points of S on it. Let p be the 5th point on l. If all of the remaining 4 points of S are mutually
non-colinear then we get 6 lines passing through p in π which is not possible. With similar arguments
we can see that S must be symmetric difference of 2 lines of π. Therefore, each of these 210 8−subsets
is in one-one correspondance with

(
21
2

)
= 210 pairs of lines in π.

To complete the proof, we claim that the projective plane of order 4 has such a structure and prove
it as a lemma that follows.

Lemma 5.15. The projective plane of order 4 has a total of 168 hyperovals which break into 3 classes of
equal size such that hyperovals in the same class meet evenly and those in different meet oddly. It also
has, 360 Fano subplanes which break into 3 classes of equal size such that Fano subplanes in the same
class meet oddly and those in different classes meet evenly.

Proof. Let π be the projective plane of order 4. We already known that g6(4) = 168 and hence π has
168 hyperovals. Lets count the number of Fano subplanes in π. π has 21×20×16×9

4! = 2520 4− arcs and
Aut(π) acts transitively on them. So, there is a number r such that each 4 − arc is in exactly r Fano
subplanes.

We claim that r ≤ 1. This is clear from the fact that 4− arc determines 3 points outside it which if
collinear will form a Fano plane with and if not then this arc wouldn’t be in any Fano subplane.

But r = 0 would mean that there are no Fano subplanes, since every Fano plane does have a 4− arc
in it. From the construction of π from AG(2,F4) that it does have a Fano subplane in it. And hence
r = 1. Now a simple double counting gives us that there are 2520/7 = 360 Fano subplanes of π.

So, we have 168 hyperovals and 2520 Fano subplanes in π.
Let C be the binary code of π. Then we can check that dim(C) = 10. Let C0 be the subspace of

C of even weight codewords. Then C0 ⊂ C⊥ of codimenstion 2. So, there are exactly three non trivial
cosets of C0 in C⊥. Aut(π) acts transitively on the set of these 3 cosets. C0 is a doubly even code and
hence hyperovals are in C⊥ but not in C0. Therefore they distribute equally in these three cosets. The
complements of Fano subplanes are of weight 14, so they are also in C⊥ but not C0. They also distribute
equally in these cosets.

The unique 5-(24, 8, 1) design, denoted as W24 is known as the big Witt design. Its contraction at
one point gives the 4-(23, 7, 1) design, denoted as W23 which is known as the Witt design. The binary
code of Witt design is the binary Golay Code.
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